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ON QUESTIONS OF POGORELOV AND TOPONOGOV

LEI NI, WEI ZHANG, AND YIJIAN ZHANG

1. Introduction

This paper concerns two questions on closed asymptotic curves in a saddle surface. Recall
that a complete surface Σ in R3 is called a saddle surface if its Gauss curvature K ≤ 0. By
classical geometry of surfaces [2, 5] the assumption K ≤ 0 (at a point) is necessary to ensure the
existence of an asymptotic direction, namely the tangent vector V which annihilates the second
fundamental form II(·, ·). A regular curve whose tangent vector is asymptotic everywhere, or
equivalently whose normal curvature vanishes everywhere, is called an asymptotic curve. The
study of asymptotic curves is crucial in the proof of Hilbert’s theorem asserting that there is no
isometric immersion of H2 in R3 [3, 2], as well as in Efimov’s celebrated generalization. They
are also equally useful in the recent progress [4] on the impossibility of isometric immersion of
Hn into R2n−1.

For surfaces, Pogorelov (Problem 2.7.5 on page 125 of [6]) formulated the following statement
on the geometric consequence of the existence of a closed asymptotic curve together with some
assumption on global topology and geometry:

(Pogorelov) If on a saddle surface which is homeomorphic to a plane, there exists a closed
asymptotic curve, then the region bounded by this curve must be a region on the plane, namely
isometric to a region in a plane.

In the mean time, Toponogov formulated a different statement (Problem 2.7.4 on page 125
of [6]) for surfaces with K < 0:

(Toponogov) On a regular surface with negative Gauss curvature there are no closed asymp-
totic curves.

We shall present counterexamples to both statements. In the mean time we shall prove that
the second claim holds if one assumes that the surface is homeomorphic to a plane.

Proposition 1.1. On a regular surface with negative Gauss curvature, which is homeomorphic
to a plane there are no closed asymptotic curves.

The counterexample to the first statement in fact shows that in the above result one can
not relax the negativity of the Gauss curvature to the nonpositivity even with K = 0 on some
curves.

Notation: We adopt the standard notations for regular surfaces as in [5, 2]. For r(u, v)
(V (x, y) or X(u, v)) a parametrized surface, E,F,G are data of the first fundamental form
ds2 = Edu2 + 2Fdudv + Gdv2 (or Edx2 + 2Fdxdy + Gdy2) and L,M,N are the data of the
second fundamental form.

2. First example

Let

V (x, y) =
(
x, y, x4 − y4

)
, (x, y) ∈ R2
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be the parametrization of the graph of function f(x, y) = x4 − y4. Denote this surface by Σ.
Then

∂V

∂x
=

(
1, 0, 4x3

)
,

∂V

∂y
=

(
0, 1,−4y3

)
.

The unit normal of Σ is

n =

(
−4x3, 4y3, 1

)√
16x6 + 16y6 + 1

.

Hence the first fundamental form expressed in terms of the matrix is

I =

(
1 + 16x6 −16x3y3

−16x3y3 1 + 16y6

)
.

Furthermore,

∂2V

∂x2
=

(
0, 0, 12x2

)
,

∂2V

∂y2
=

(
0, 0,−12y2

)
,

∂2V

∂x ∂y
=

(
0, 0, 0

)
.

Thus

L =

〈
∂2V

∂x2
, n

〉
=

12x2√
16x6 + 16y6 + 1

,

M =

〈
∂2V

∂x ∂y
, n

〉
= 0,

and

N =

〈
∂2V

∂y2
, n

〉
=

−12y2√
16x6 + 16y6 + 1

.

Therefore

II =


12x2√

16x6 + 16y6 + 1
0

0
−12y2√

16x6 + 16y6 + 1

 .

It follows that the Gaussian curvature is

K =
−144x2y2(

16x6 + 16y6 + 1
)2 .

The asymptotic curve equation is

L( dx)2 + 2M dx dy +N( dy)2 = 0.

Equivalently,

x2( dx)2 − y2( dy)2 = 0.

Now let

γa(t) =
(
a cos t, a sin t, a4(cos4 t− sin4 t)

)
, a > 0, 0 ≤ t < 2π.

Then

dx = −a sin t dt, dy = a cos t dt.

Therefore

x2( dx)2 − y2( dy)2 = a4(cos2 t sin2 t ( dt)2 − sin2 t cos2 t ( dt)2) = 0.

Now we have constructed a family of closed asymptotic curves in Σ. Since it is a graph over
the whole plane Σ is topologically R2. Clearly the enclosed region of the surface is the graph
restricted on the disc of radius a. The Gauss curvature calculation shows that it is not flat.
The Gauss curvature of Σ is negative except on the coordinate axes x = 0 or y = 0.
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Theorem 2.1. There exists a smooth saddle surface which is diffeomorphic to the plane with
K ≤ 0 such that there are infinitely many closed asymptotic curves each enclosing a non-planar
region.

The above construction can be put in a more general formulation as below.
For a function graph V (x, y) =

(
x, y, f(x, y)

)
over the (x, y)-plane, let

D = 1 +
(∂f
∂x

)2

+
(∂f
∂y

)2

,

then the determinant of the first fundamental form is EG− F 2 = D, and

L =
1√
D

∂2f

∂x2
, M =

1√
D

∂2f

∂x∂y
, N =

1√
D

∂2f

∂y2
,

hence

K =
LN −M2

EG− F 2
=

fxxfyy − f2
xy

D2
.

In particular, the sign of K coincides with the sign of the determinant of the Hess(f).
We now write f in polar coordinates, i.e. (x, y) = (r cos θ, r sin θ), and consider a homoge-

neous function

f(r, θ) = rmϕ(θ),

where m > 1 and ϕ is a smooth 2π-periodic function. Under the coordinate change from (x, y)
to (r, θ), D = 1 + f2

r + 1
r2 f

2
θ and the quadratic form defined by the Hessian becomes

fxx( dx)
2 + 2fxy dx dy + fyy( dy)

2 = frr( dr)
2 + 2

(
frθ −

1

r
fθ

)
dr dθ + (fθθ + rfr) ( dθ)

2.

Thus in polar coordinates (r, θ), the second fundamental form matrix is

II =
(
1 + f2

r +
1

r2
f2
θ

)− 1
2

(
frr frθ − 1

rfθ
frθ − 1

rfθ fθθ + rfr

)
.

For f(r, θ) = rmϕ(θ) this gives

II =
(
1 + r2m−2

(
m2ϕ(θ)2 +

(
ϕ′(θ)

)2) )− 1
2

(
m(m− 1)rm−2ϕ(θ) (m− 1)rm−1ϕ′(θ)
(m− 1)rm−1ϕ′(θ) rm

(
ϕ′′(θ) +mϕ(θ)

)) .

Therefore the Gauss curvature of the graph is

K(r, θ) =
(m− 1)r2m−4

[
mϕ(θ)

(
ϕ′′(θ) +mϕ(θ)

)
− (m− 1)

(
ϕ′(θ)

)2][
1 + r2m−2

(
m2ϕ(θ)2 +

(
ϕ′(θ)

)2)]2 .

Now we require the closed circle {r = c} to be asymptotic. The tangent direction of such a
circle is ∂

∂θ , so the asymptotic condition is, in view of the second fundamental form:

II

(
∂

∂θ
,
∂

∂θ

)
= 0,

or equivalently, fθθ + rfr = 0. For f(r, θ) = rmϕ(θ), this becomes ϕ′′(θ) +mϕ(θ) = 0. In this
case,

K(r, θ) = −
(m− 1)2r2m−4

(
ϕ′(θ)

)2[
1 + r2m−2

(
m2ϕ(θ)2 +

(
ϕ′(θ)

)2)]2 ≤ 0.

Consequently, the graph has nonpositive Gaussian curvature.
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To obtain a globally well-defined smooth function on the plane, take m = k2, k ∈ Z, k ≥ 2,
and choose ϕ(θ) = cos(kθ). Although the general solution of ϕ′′ + k2ϕ = 0 is

A cos(kθ) +B sin(kθ),

it suffices to consider the cosine case, after rotating the (x, y)-axes.
Thus the functions

fk(r, θ) = rk
2

cos(kθ), k ∈ Z, k ≥ 2,

provide a family of saddle graphs. Returning to Cartesian coordinates, we obtain

fk(x, y) = (x2 + y2)
k2−k

2 Re
(
(x+ iy)k

)
.

This is a polynomial, since k2 − k is even. In particular, when k = 2,

f2(x, y) = (x2 + y2)Re
(
(x+ iy)2

)
= (x2 + y2)(x2 − y2) = x4 − y4

gives the previous explicit counterexample to Pogorelov’s question.

3. The proof of Proposition 1.1 and outline of the second construction

To prove the proposition we need the following well-known result related to Brouwer’s fixed
point theorem.

Lemma 3.1. Let D be a disk in Rn. Then there is no continuous map

w : D → ∂D

such that w(x) = x on ∂D.

See for example the proof of Theorem 3 of Section 8.1 of [1].

Lemma 3.2. If V (x) is a continuous vector field defined in a neighborhood of D. If V is not
tangential to ∂D for any x ∈ ∂D (in particular V (x) ̸= 0 for x ∈ ∂D), then V must have a
zero inside D.

Proof. Without the loss of generality we assume D is the unit ball. Assume that V has no zero
inside D. Then V (x) ̸= 0 for x ∈ D. Now consider W0(x) = V (x)/|V (x)|. Then W0 : D → ∂D.
The assumption implies, without the loss of generality, that

⟨W0(x), x⟩ > 0, ∀x ∈ ∂D.

Now one can construct the continuous deformation

w(x, t) =
tρ(x)x+ (1− t)W0(x)

|tρ(x)x+ (1− t)W0(x)|
with ρ(x) = 1 on ∂D and decreases to zero as x is away from the boundary to obtain a
continuous map W satisfying Lemma 3.1. □

Now we can prove the proposition. Assume that there exists a closed asymptotic curve γ,
then it encloses a disc D by Jordan’s theorem. Along the curve γ(t) one may find the second
asymptotic unit vector V (x) which is transversal to γ(t), namely V (x) never parallel to γ′(t).
This is contradictory with Lemma 3.2. To be precise we can construct V as below. Fix a point
o inside the disk. For a local coordinate near o we may choose a local coordinate (u, v) so that
ru and rv are the principal directions with the principal curvature k1 > 0 > k2. For e1 = 1√

E
ru

and e2 = 1√
G
rv, if eθ = e1 cos θ + e2 sin θ, the normal curvature of it is

kθ = cos2 θk1 + sin2 θk2

by Euler’s formula. Hence for θ0 = arctan(
√

−k1

k2
) with 0 < θ0 < π

2 , eθ0 is a unit asymptotic

direction. The second one is eπ−θ0 . Let p be any other point, choose a path τ(t) joining o to p.
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Repeating the construction along the path gives a pair of smooth unit asymptotic vectors and
a pair of unit principal vectors along τ in each a local neighborhoods intersecting with τ(t),
and finally at p. Given that there exist two distinct asymptotic directions at each point, and
two principal directions (one corresponds to the positive principal curvature, the other to the
negative), the simply-connectedness of Σ ensures that there exists a pair of well-chosen smooth
unit asymptotic vectors V1(t) and V2(t) at each point (as well as a pair of well-chosen unit
principal vectors V3, V4). Since γ′(t) is a smooth asymptotic vector along γ, we have that γ′(t)
is parallel with one of Vi. Assume that γ′(t) = |γ′(t)|V1(t). Then V2(t) is not parallel with γ′(t)
along γ. We may choose V (x) to be V2. One can also choose V to be one of V3, V4.

An obstruction of the above argument is that at the point where K = 0, one principal
direction coincides with the asymptotic direction and the obstruction arises if there is a planar
umbilical point where no definite way to define the smooth V (x) as the previous example shows.
However, the proof works if there is no umbilical point on the surface even when K ≤ 0 since
the assumption allows one to choose a smooth unit principal vector which transversal to the
closed asymptotic curve.

Corollary 3.3. On a regular surface with Gauss curvature K ≤ 0, which is homeomorphic
to a plane, if we assume that there is no umbilical point, then there are no closed asymptotic
curves.

In the proof it is clear that one needs the simply-connectedness to construct a well-defined
smooth unit vector transversal to γ(t). Hence the second example will have nontrivial funda-
mental group.

The construction starts from a closed space curve with non-vanishing curvature and non-
vanishing torsion. Taking the ruled surface generated by the principal normal lines of this curve
produces a smooth immersion

X : S1
L0

× R −→ R3, X(s, u) = γ(s) + uN0(s),

where s is the arc-length parameter, N0 is the principal normal of the curve, and L0 is the
length of the closed curve. We verify directly that the induced metric is complete, that the
Gauss curvature is strictly negative everywhere, and that the central curve X(s, 0) = γ(s) is a
closed asymptotic curve. Thus completeness plus the negativity of Gauss curvature do not rule
out closed asymptotic curves on saddle surfaces.

Here an asymptotic curve means a regular curve on the surface whose tangent direction has
zero normal curvature. Equivalently, if α is a curve on the surface, then α is asymptotic when

II(α̇, α̇) = 0

along the curve. We prove the following stronger counterexample to Toponogov’s statement.

Theorem 3.4. There exists a complete smooth immersion

X : S1
L0

× R −→ R3

whose Gauss curvature satisfies K < 0 everywhere and whose image contains a closed asymp-
totic curve.

It remains unclear if an embedded example exists. Below we include the details of the
example.

4. A closed space curve with non-vanishing torsion

Consider the closed space curve

Γ(t) =
(
(5 + cos 3t) cos t, (5 + cos 3t) sin t, sin 3t

)
, 0 ≤ t ≤ 2π.
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The curve is smooth and closed. It is also regular. Indeed, its projection onto the xy-plane has
polar form

r(t) = 5 + cos 3t, θ(t) = t,

and r(t) ≥ 4. Hence the projected velocity has squared norm

(r′(t))2 + r(t)2 > 0,

so Γ′(t) ̸= 0.
A direct computation gives

det
(
Γ′(t),Γ′′(t),Γ′′′(t)

)
= −3

(
8 cos3(3t)− 190 cos2(3t) + 2 cos(3t) + 495

)
.

Let

c = cos 3t, −1 ≤ c ≤ 1.

Then

8c3 + 2c ≥ −10, −190c2 ≥ −190.

Therefore

8c3 − 190c2 + 2c+ 495 ≥ 495− 190− 10 = 295 > 0.

It follows that

det
(
Γ′,Γ′′,Γ′′′) < 0

for every t. Recall that for curve Γ(t) the curvature and torsion are given by the formulae (cf.
[5])

κ(t) =
|Γ′ × Γ′′|
|Γ′|3

, τ(t) =
det(Γ′,Γ′′,Γ′′′)

|Γ′ × Γ′′|2
.

In particular, the curvature and the torsion of Γ are both nonzero everywhere.
Now reparametrize Γ by arclength. Denote the resulting curve by

γ : S1
L0

−→ R3,

where L0 is the total length of Γ and

S1
L0

= R/L0Z.

Let

T (s), N0(s), B(s)

be the Frenet frame of γ, and let κ(s) and τ(s) be its curvature and torsion. Then

κ(s) > 0, τ(s) ̸= 0

for all s ∈ S1
L0
. The Frenet equations are

T ′ = κN0, N ′
0 = −κT + τB, B′ = −τN0.

Here we use the convention of [2]. Because S1
L0

is compact and τ is continuous and nowhere
zero, there exists a constant δ > 0 such that

|τ(s)| ≥ δ > 0

for all s ∈ S1
L0
.
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5. Construction of the surface

Define

X : S1
L0

× R −→ R3, X(s, u) = γ(s) + uN0(s).

The parameter u is allowed to range over the whole real line. Therefore this is not merely a
narrow local strip around γ; it is a surface defined on the whole cylinder S1

L0
× R.

Using the Frenet formulas, we obtain

Xs = T + uN ′
0 = (1− κu)T + τuB, Xu = N0.

Hence the coefficients of the first fundamental form are

E = ⟨Xs, Xs⟩ = (1− κu)2 + τ2u2, F = ⟨Xs, Xu⟩ = 0, G = ⟨Xu, Xu⟩ = 1.

Since τ(s) ̸= 0, we have

E = (1− κu)2 + τ2u2 > 0

for every (s, u) ∈ S1
L0

× R. Thus Xs and Xu are linearly independent everywhere, and X is a
regular immersion.

6. Completeness of the induced metric

The induced metric is

I = E ds2 + du2.

For fixed s, the function

E(s, u) = (1− κ(s)u)2 + τ(s)2u2

is a positive quadratic polynomial in u. Its minimum is

min
u∈R

E(s, u) =
τ(s)2

κ(s)2 + τ(s)2
.

Since s ∈ S1
L0

and κ, τ are continuous with τ nowhere zero, the above positive function has a

positive minimum on S1
L0
. Hence there exists m > 0 such that

E(s, u) ≥ m > 0

for all (s, u) ∈ S1
L0

× R.
Consequently,

I = E ds2 + du2 ≥ mds2 + du2.

The metric mds2+du2 is the standard complete product metric on the cylinder S1
L0

×R, up to

a constant factor in the circle direction. Therefore every divergent curve in S1
L0

×R has infinite

length with respect to mds2 + du2, and hence also has infinite length with respect to I. Thus
the induced metric I is complete.

7. Computation of the Gauss curvature

A unit normal field is

n =
(1− κu)B − τuT√
(1− κu)2 + τ2u2

.

Since

Xuu = 0,

the coefficient N of the second fundamental form is

N = ⟨Xuu, n⟩ = 0.

Moreover,

Xsu = N ′
0 = −κT + τB.
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Therefore the mixed coefficient M is

M = ⟨Xsu, n⟩

=

〈
−κT + τB,

(1− κu)B − τuT√
(1− κu)2 + τ2u2

〉
=

τ√
(1− κu)2 + τ2u2

.

Since F = 0 and G = 1, the Gauss curvature is

K =
LN −M2

EG− F 2

=
0−M2

E

= − τ2

E2

= − τ2(
(1− κu)2 + τ2u2

)2 .
Since τ(s) ̸= 0 for all s, we conclude that

K < 0

everywhere on S1
L0

× R.

8. The closed asymptotic curve

Consider the central curve on the surface:

α(s) = X(s, 0) = γ(s).

Because s is a periodic arclength parameter on S1
L0
, the curve α is closed.

At u = 0, we have

Xs(s, 0) = T (s), n(s, 0) = B(s).

Also,

Xss(s, 0) = T ′(s) = κ(s)N0(s).

Therefore
II(T, T ) = ⟨Xss(s, 0), n(s, 0)⟩

= ⟨κ(s)N0(s), B(s)⟩
= 0.

Hence the tangent direction of α is asymptotic at every point. Thus

α(s) = X(s, 0) = γ(s)

is a closed asymptotic curve on the surface.
In summary we have constructed a complete smooth immersion

X : S1
L0

× R −→ R3, X(s, u) = γ(s) + uN0(s),

whose Gauss curvature satisfies

K = − τ2(
(1− κu)2 + τ2u2

)2 < 0

everywhere, and which contains the closed asymptotic curve

X(s, 0) = γ(s).
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Therefore Toponogov’s statement is false in the immersed-surface category. Even after adding
completeness, negative Gauss curvature alone does not exclude closed asymptotic curves.

Appendix: a clarification of a conjecture of Milnor stated in [6]

Let Σ ⊂ R3 be a connected complete surface. Denote by k1 and k2 its principal curvatures,
and by K = k1k2 its Gaussian curvature. The surface is called saddle if K ≤ 0. On page 113
of [6] it states:

In 1966, J. Milnor enunciated a conjecture, which for a saddle surface implies that for
problem 2.6.10 to hold, it suffices that:

inf
P∈Σ

(|k1|(P ) + |k2|(P )) ̸= 0

This assertion has not yet been proven.
The Problem 2.6.10 on page 113 of [6] states as
Prove that if on a complete saddle surface Σ ⊂ R3,

inf
P∈Σ

|k1|(P ) + inf
P∈Σ

|k2|(P ) > 0

holds, then Σ is a cylinder, i.e. k1(P ) ≡ 0 and k2(P ) = const.
On the other hand, the proof presented for this statement on page 113 of [6] only shows that

Σ is a general cylinder.
Hence the conclusion in the statement of Milnor’s conjecture as well as in Problem 2.6.10

should be K ≡ 0, namely Σ is a general cylinder.
In other words, ‘being a cylinder’ should not be interpreted as a round cylinder insisting

that the nonzero principal curvature is constant. The example below illustrates this point.

Proposition 8.1. There exists a surface Σ ⊂ R3 such that

Σ ∼= R2, Σ is complete and embedded, K ≡ 0, inf
P∈Σ

(|k1|(P ) + |k2|(P )) > 0,

and such that one principal curvature is identically zero while the other principal curvature is
not constant. Moreover, the same example satisfies

inf
P∈Σ

|k1|(P ) + inf
P∈Σ

|k2|(P ) > 0

Proof. Define

ρ(t) = 2 +
1

2
tanh t

and let

γ(t) = (ρ(t) cos t, ρ(t) sin t), t ∈ R.
Consider the generalized cylinder

X(t, v) =
(
ρ(t) cos t, ρ(t) sin t, v

)
, (t, v) ∈ R2,

obtained by translating the plane curve γ in the z-direction. We set Σ = X(R2).
We first verify that Σ is an embedded regular surface homeomorphic to R2. Since

ρ′(t) =
1

2
sech2 t > 0,

the function ρ is strictly increasing, and ρ(t) > 0 for all t. If γ(t1) = γ(t2), then the polar
angles satisfy t1 ≡ t2 (mod 2π), while the radii satisfy ρ(t1) = ρ(t2). The strict monotonicity
of ρ gives t1 = t2. Thus γ has no self-intersections. It follows that

X(t, v) = (γ(t), v)
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is injective. Moreover,

Xt =
(
ρ′ cos t− ρ sin t, ρ′ sin t+ ρ cos t, 0

)
, Xv = (0, 0, 1).

The vector Xt is nonzero because

|Xt|2 = ρ2 + (ρ′)2 > 0,

and Xv is independent of Xt. Hence X is an immersion. Finally, convergence in the image
determines convergence of the radius and hence of the parameter t, while the third coordinate
determines v. Therefore X is an embedding and Σ is homeomorphic to R2.

Next we compute the first fundamental form and prove completeness. From the above
formulas for Xt and Xv,

E = ⟨Xt, Xt⟩ = ρ2 + (ρ′)2, F = ⟨Xt, Xv⟩ = 0, G = ⟨Xv, Xv⟩ = 1.

Therefore

I = (ρ2 + (ρ′)2) dt2 + dv2.

Since tanh t ∈ (−1, 1), one has
3

2
< ρ(t) <

5

2
.

In particular,

ρ2 + (ρ′)2 ≥ ρ2 >
9

4
,

and hence

I ≥ 9

4
dt2 + dv2.

The metric on the right is a complete flat metric on R2. Thus every divergent curve in the
parameter plane has infinite length with respect to I, and Σ is complete.

We now compute the principal curvatures. For a generalized cylinder X(t, v) = (γ(t), v), the
v-curves are straight lines. Hence the corresponding principal curvature is

k2 = 0.

The other principal curvature is the curvature of the plane curve γ. Since γ(t) = ρ(t)(cos t, sin t),
the polar-coordinate curvature formula gives

k1(t) =
ρ2 + 2(ρ′)2 − ρρ′′(

ρ2 + (ρ′)2
)3/2 .

Here

ρ′(t) =
1

2
sech2 t, ρ′′(t) = − tanh t sech2 t.

Consequently

K = k1k2 ≡ 0.

In particular, Σ is flat and satisfies K ≤ 0.
It remains to prove that the principal curvature size is bounded away from zero. Since

k2 = 0, it suffices to show

inf
t∈R

|k1(t)| > 0.

Let

A(t) = ρ2 + 2(ρ′)2 − ρρ′′.

Since

|ρ′′(t)| = | tanh t| sech2 t,
putting q = | tanh t| ∈ [0, 1] gives

|ρ′′(t)| = q(1− q2).
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The maximum of q(1− q2) on [0, 1] is

2

3
√
3
.

Using 3/2 < ρ(t) < 5/2, we obtain

A(t) = ρ2 + 2(ρ′)2 − ρρ′′ ≥ ρ2 − ρ|ρ′′| ≥ 9

4
− 5

2
· 2

3
√
3
> 0.

On the other hand,

ρ2 + (ρ′)2 ≤
(
5

2

)2

+

(
1

2

)2

=
13

2
.

Therefore (
ρ2 + (ρ′)2

)3/2 ≤
(
13

2

)3/2

.

Combining the two estimates yields

k1(t) ≥

9

4
− 5

2
· 2

3
√
3(

13

2

)3/2
> 0.

Hence

inf
Σ
(|k1|+ |k2|) = inf

t∈R
|k1(t)| > 0.

In particular, Σ has no umbilic points, since its principal curvatures are k1 > 0 and k2 = 0.
Finally we show that k1 is not constant. As t → +∞,

ρ(t) → 5

2
, ρ′(t) → 0, ρ′′(t) → 0.

Therefore

lim
t→+∞

k1(t) =
(5/2)2(

(5/2)2
)3/2 =

1

5/2
=

2

5
.

As t → −∞,

ρ(t) → 3

2
, ρ′(t) → 0, ρ′′(t) → 0.

Thus

lim
t→−∞

k1(t) =
(3/2)2(

(3/2)2
)3/2 =

1

3/2
=

2

3
.

Since 2/5 ̸= 2/3, the function k1 is not constant. We have therefore constructed a complete
embedded surface Σ ∼= R2 satisfying K ≡ 0 and infΣ(|k1| + |k2|) > 0, with one principal
curvature identically zero and the other principal curvature nonconstant. □
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